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1. INTRODUCTION 
Let E and F be locally convex spaces, U be a non-empty open subset of 
E and H( U; F) denote the space of all holomorphic mappings from U into 
F. From the classical Montel’s Theorem we know that when E = F= @, a 
set F in H( U; F) is normal iff F is locally bounded. A natural question to 
ask is: for a set F in H( U; F), do there exist equivalent conditions for F to 
be normal? Recently Chuan-Gan Hu [S] gave a necessary and sufficient 
condition for E to be C and F to be a Banach space; Xue-Jian Lai [7] gave 
some necessary and sufficient conditions for E = C” and F to be a Banach 
space. In this paper, the above question has been solved completely for E 
and F to be metrizable locally convex spaces; for a set F in H(U; F) we 
have not only proved F is normal iff F is locally bounded and 
{f(x); f~ F} is complete for each x E U; but also given some necessary and 
sufficient conditions for F to be normal. The main tools we use in this 
paper are Taylor’s expansion of a holomorphic mapping and the Cauchy’s 
Inequality. 
2. THE NORMAL SET IN C( U; F) 
DEFINITION 2.1. Let C(E; F) denote the vector space of all continuous 
mappings from a locally convex space E into a locally convex space F. 
When F= @ we denote C(E;@)= C(E). 
DEFINITION 2.2. The compact-open topology or the topology of 
compact convergence is locally convex topology ~~ on C(E; F) which is 
generated by semi-norms of the form f + supxE K p{ f(x)}, where /3 E m(F) 
(a(F) is the set of all continuous semi-norms on F which induces its 
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topology), f E C(E; J’) and K is compact in E. Sometimes, we denote the 
semi-norm 
for allfin C(E;F) by II.lIp,K. 
DEFINITION 2.3. A topological space X is said to be a K-space if a set 
A c X is open whenever A n K is open in K for each compact subset K of 
X. It is obvious X is a K-space if X is a first countable space (see [S, p. 69, 
Definition 9.21). 
LEMMA 2.1. If E is a metrizable locally convex space and F is a 
complete locally convex space then (C(E; F), z,.) is complete (see [S, 
Proposition 9.51). 
COROLLARY. If U is a non-empty open subset of a metrizable locally 
convex space E and F is a complete locally convex space then (C( U; F), z,) 
is complete. 
DEFINITION 2.4. Suppose E and F are locally convex spaces. A set 
F c C(E; F) is normal if each sequence in F has a subsequence which 
converges to a function f in C(E; F). 
LEMMA 2.2. If a set F in C (E; F) is normal then for each compact subset 
K of E, each 6 > 0 and each /? E es(F) there are functions f, , fi, . . . . f, such 
that 
i= 1 
Proof: Suppose F is normal; K, 6, and /I have the stated properties. 
Now fix f, EF, if Fc (f: Il,f-fiIID,K<6} which is denoted by BB,K(f,, 6) 
then we are done; otherwise choose f2 E F - BB.K(f,, 6). Again, if 
FcUf=i Ba,K(fi,6) we are done; if not, let f3~F-Uf=lBp,K(~,6). If 
this process never stops we find a sequence {f,,} such that 
fn+ I EF-- ij BP,K(h~ d). 
,=I 
But this implies that for n #m, llf, - f,,llp,K > 6 >O. Thus {fn} cannot 
have the convergent subsequence on the topology which is induced by the 
only semi-norm f + supXE K p(f(x)). That is, {f,} can have no convergent 
subsequence on TV. This is a contradiction. Q.E.D. 
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DEFINITION 2.5. Let E and F be locally convex spaces. 
(a) A set F c C(E, F) is said to be equicontinuous at a point a in E 
if for each E > 0 and /I E es(F) there is a neighborhood V of zero such that 
for all x E a + V 
B(f(x) -f(a)) < E 
for all fin F. 
(b) A set F c C(E, F) is said to be equicontinuous over a set A c E 
if for each E > 0 and /? E es(F) there is a neighborhood V of zero such that 
for x, x’ in A with x - x’ E V 
for all f E F. 
LEMMA 2.3. Let E and F be locally convex spaces, U be a non-empty 
open subset of E. If a set F in C(E, F) is equicontinuous at each point of U 
then F is equicontinuous over each compact subset of U. 
Proof. Suppose K is a compact subset of U then for each E >O, 
/I E es(F) and XE K there are neighborhoods U, and V, of zero with 
V, + V, c U, such that for every x’ E x + U, 
B(fW-f(x))<@ 
for all f E F. 
Then {x + V,, x E K} forms an open cover of K. Since K is compact, 
there are x1, x2, . . . . x,E K such that Kc U:=, {xi+ VX,}. Let V= n:=, V,, 
so if x and x’ in K with x - x’ E V, there is a xi in K such that 
x’EX+ vcxi+ v,+ vxlcxi+ u,. 
Thus, x’ - xi E U,, x - xi E U, 
This gives, 
B(fW-f(x;))<@, B(f(x)-f(xi))<E/2 
for all f E F. 
Hence, D is equicontinuous over K. Q.E.D. 
THEOREM 2.1. Suppose E is a separable and metrizable locally convex 
space, F is a complete and metrizable locally convex space, U is a non-empty 
open subset of E. A set F c C( U; F) is normal if the following conditions are 
satisfied: 
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(a) for each x E 77, {f(x); f’~ F } has a compact closure in F, 
(b) F is equicontinuous at each point of U. 
Proof Suppose F has the stated properties. Since E is separable, U is 
separable. Let {x,~} be a sequence in U such that (XnJ = U. For each n 3 1 
let 
A-, = {f(x,);f~ F} c F. 
By condition (a), X, is a compact metric space. So X= flp”=, X, is a 
compact metric space (see [2, Chap. VII, Proposition 1.181). For f E F we 
define xf in X by 
x’= {f(Xl), f(XZ)> fb,), -.>. 
Let {fk} be a sequence in F, so {xi} is a sequence in X. Thus there is 
JJ= (Yl, Y2, ... ) in X and a subsequence {xi,} which converges to y. For the 
sake of convenient notation, we can assume that y = lim, _ o. xi. So we 
have 
lim fkM = Y, k-m 
for each n > 1. 
It will be shown that {fk} converges to a function fin C( U; F), since 
C( U; F) is complete it is sufficient to prove {f,} is a Cauchy sequence. So 
let K be a compact subset of U and /? E es(F). For E > 0, by the definition 
of rc on C( U, F), it suffices to find an integer J such that for k, j b J 
Since F is equicontinuous at each point of U, by Lemma 2.3, F is equicon- 
tinuous over K. Let d be a metric on E which induces the topology on E, 
B(x, 6) = (X’E E; d(x’, x) < S}, r=d(K, aU)>O. So for s>O, choose 6, 
0 < 6 < r, such that 
B(f(x)-fW)< 43 
for all f E F and x, x’ in K with d(x, x’) < 6. 
Now let 
G= {x,;x,,~K}. 
Since m = U, G = K So { B(x, 6); x E G} is an open cover of K, there are 
Xl, x2, ..., x, E G such that 
Kc i, B(x,, 6). 
i= I 
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Since lim k -rn fk(xi) = yj, 1 6 id n; there is an integer J such that for k, 
j2J 
P(fk(Xi) -f,(xJ) < E/3 
for i= 1, 2, . . . . n. 
For x E K there is xi E G, 1 < i < n, such that x E B(x,, 6). If k, j 2 J, we 
have 
lj(fkCx) -L(x)) G B(fk(x)-fk(xi)) + P(fktxz) -f;txi)) + B(J;(xi)-f;(x)) 
< E/3 + E/3 + E/3 = E. 
Hence llfk -hll~,~ 6 E for k, j 2 J. This implies F is normal. Q.E.D. 
COROLLARY 1. Suppose U, E, F as above and ( fn} is a sequence in 
C(U;F). If {fn} q t IS e tacon inuous at each point of U and lim, _ o. f,,(x) 
exists for each x E II then { fH} converges to a function f in C( U; F). 
COROLLARY 2. Suppose E is a finite dimensional separated topological 
vector space and U, F as above. A set F c C( U; F) is normal iff the following 
conditions are satisfied: 
(a) for each x E U, {f(x); f E F} has compact closure in F; 
(b) D is equicontinuous at each point of U. 
Proof: Suppose F has the stated properties. Since E is finite dimen- 
sional, it is homeomorphic with H” ((I? or R”). By the above theorem, F 
is normal. 
For the converse suppose F is normal. For each x E U, we define a 
mappingA:C(U;F)+FbyA(f)=f( )f x or all f in C( U; F). It is obvious 
that A is continuous. Since F is normal, {f(x); f E F} is sequentially 
compact; so m is compact. 
To prove (b) fix a point x0 E U and E > 0, we choose a bounded closed 
neighborhood W of zero such that K= x0 + WC U then K is compact. By 
Lemma 2.2, for BE es(F) there are functions,f,, fi, . . . . f, such that 
+, if: Ilf-fitla,k-=/3)~ 
Since fj, 1 < i < n, is continuous, there is a neighborhood V of zero with 
Vc W such that wherever x E x0 + V 
P(fi(x) -fi(xo)) < E/3 
for i= 1,2, . . . . n. 
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Therefore, if fe F, there is an ,f;, 1 6 i < n, such that 
ll.f-.f,Il/?.K<d3. 
So if xExO+ I’, we have 
W(x) -f(xo)) G B(f(-~) -L(x)) + B(fifi(x) -.Lbo))+ B(Lbo) -f(,xo)! 
E E & 
<i+5+i=E. 
Hence, F is equicontinuous at each point of U. Q.E.D. 
3. THE NORMAL SET IN H(U;F) 
DEFINITION 3.1. Let E, F be locally convex spaces and U be a non- 
empty open subset of E. A mapping f: U -+ F is holomorphic if for every 
a E U there exists a sequence A, E ylr(mE, F), m E N, = N u (0) (N denotes 
the all positive integers), with the following property: for every BE es(F) 
there exists a neighborhood V of a such that 
lim fl(f(x)- i A,(x-~)~)=O 
m-.cc k=O 
uniformly in x E V. See [ 1, Definition 18.11. 
We denote (l/m!) d”tf(a) = A,, (l/m!) d”f(a) = a, = P, and denote the 
vector space of all holomorphic mappings from U into F by H( U; F). 
LEMMA 3.1. Let U be a non-empty open subset of a metrizable locally 
convex space E and F be a complete locally convex space then (H( U, F), rC ) 
is complete. See [ 1, Proposition 30.11. 
LEMMA 3.2 (Cauchy’s Inequality)k Let F be separated, f E H(U; F), 
a E cs( E), fl E es(F), p > 0, a E U and B, ,(a) c U. Then 
~~~j,l(u)~~~,~~~~l,~~~~i?cnI,, 
for every m E N. See [ 1, Proposition 25.41. 
DEFINITION 3.1. Let U be an open subset of a locally convex space E 
and F be a locally convex space. A set F c H( U; F) is locally bounded if for 
each a in U there exists a neighborhood I’, of a such that 
is bounded in F. See [3, p. 77, Definition 2.421 
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LEMMA 3.3. If a set F c H( U; F) is locally bounded then for each 
compact subset K of U 
is bounded in F. 
Proof It is obvious. 
THEOREM 3.1. Suppose U is a non-empty open subset of a metrizable 
locally convex space E and F is complete and metrizable locally convex 
space. If a set F c H( U, F) is normal then 
(a) for each compact subset K of U, {f(x); x E K, f E F) is compact 
in F; 
(b) for each compact subset K of U and each ,B E es(F) there is a 
constant M(B, K) > 0 such that 
Ilf II&K d MM K) 
for allfEF; 
(c) for each x E U, (fo;fEF) is compact in F; 
(d) F is bounded in (H( U; F), z,); 
(e) F is locally bounded; 
(f) F is equicontinuous at each point of U. 
Proof (a) To prove {f(x); XE K, f E F} is compact, it is sufficient to 
prove (f(x); x E K, f E F} is sequentially compact. Let (f,(x,)> be a 
arbitrary sequence of (f(x); XE K, f E F}. Since F is normal, there is 
subsequence {f,,} of {f,} and f E H( U; F) such that 
For E > 0 and p E es(F) there is an integer J, such that when i 2 J1 
Ilfn, -f II D,K < 42. 
Since K is compact, there is a subsequence of {x,} which converges to x0 
in K. For the sake of convenient notation, we can assume lim, _ m x, =x0. 
Since f E H( U; F) c C( U; F) (see [ 1, Proposition 23.1 I), there is an integer 
J2 such that when i> Jz 
D(f (x,) - f (x0)) < 42. 
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So when i>J=max{J,, J2} 
BUn,bn,) -f(xo)) G B(fn,(xJ -S&J) + P(f(x,) -.f(-%)) 
E E 
This implies lim,, ~ fn,(x,) =f(x,). 
(b) follows from (a). 
But we can prove it directly. Suppose the conclusion is false then there 
is a compact subset K in U and p E es(F) such that there is a sequence {fn} 
in F with 
for n > 1. 
Since F is normal, there is fin C( U, F) and a subsequence {fn,) of {fn} 
such that 
.f,. --) 1; i-tco. 
K is compact thenf(K) is compact. So there is a constant A4 > 0 such that 
Then 
nid su~{B(f,,(x)); x E K) 
Q suP{B(.L&) -f(x)); xsK1 +sup(B(f(x);x~K} 
d IlL,--fllp,K+~. 
Since limi + m ILL, - fll 8, K = 0, the right hand converges to M. This is a 
contradiction. 
(c) follows from (a). 
(d) For E > 0, Ki are compact subsets of 17, j3; E es(F), 1 Q i < n, n B 1, 
{f: ilfllpl,~, <G IlfIipZ.~2 <6 . ..> ~Ifllp,,~, < E} forms a neighborhood of zero 
in H( U, F). Then for n > 1, compact subsets Ki and Bi E es(F), 1 < i < n, 
and E > 0, by (b), there is 6 > 0 such that when )t[ < 6, 
zFc if: IlfllLM<E, Ilfli~~,~~<E, . . . . IlfIlp,,K,<E}. 
Thus F is bounded. 
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(e) Let d be a metric on F which induces the locally convex topology 
on F. Suppose F is not locally bounded. By Definition 3.1, there is an a E 0’ 
such that for each neighborhood V of a in U, 
,UF f( VI 
t 
is unbounded. 
Hence we can choose a,, E U with a,, -+ u and f,, E F such that 
for n3 1. 
Let K= {a,,} u {a}, then K is compact in U. Since F is bounded, for 
each fl E es(F) there is a constant M(fl, K) > 0 such that 
KL,(,~)) G MB, K) 
for n2 1 and XEK. 
so u:= I {fn( x ; XE K} is bounded in F. This is a contradiction. 1 
(f) By (e), F is locally bounded. So for each UE U there is a 
neighborhood V of zero in U such that 
u .f(a + VI 
is bounded in F. 
Then for each fl E a(F) there exists a constant M(a) > 0 such that 
P(f(Q-t*~))GMB) 
for all,fEF and XE V. 
For V there are ~1,) CY~, . . . . CI, E es(E) and r, > 0 such that 
n 
w,= f-) {xE:E;a,(x)<v,,l~i6n}cV. 
,=I 
Let c( = C:‘=, CX~, then cx E U(E) and 
W,={xEE,a(x)<r,)c w,cv. 
Therefore, by Lemma 3.2, for each fl E a(F), cx E a(E), 0 < Y < r, 
73 
P(f(a+x)-f(a))< c em") 
m=l . 
d f Cal” 
- SUP B(.f'(t)) r 01 m= I ClIt U)<T 
d WO~(4x)Ir) = WB).dx) 
1 - (4x)/r) r -a(x) 
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for all x E W, = {x E E; U(X) < Y) and all fe F. Hence F is equicontinuous 
at a. Q.E.D. 
From Theorems 2.1 and 3.2, we obtain a very important theorem as 
follows. 
THEOREM 3.2. Let U, E, and F he the same as Theorem 3.1. If E is 
separable and F is a set in H(U; F). The,following conditions are equivalent: 
(a) F is normal; 
(b) For each compact subset K in U, {f(x); x E K, .f E D is compact 
in F; 
(c) For each compact subset K in U and each j3 E es(F) there is a 
constant M( B, K) > 0 such thut 
for allf EF. 
For each x E U, {f(x); f E F} is compact in F; 
(d) For each XE U, (f(x); is compact and F is bounded in 
(H( U; F), r,.); 
(e) For each x E U, m is compact and F is locally bounded; 
(f) For each XE U, {f(x); f EF} is compact and F is equicontinuous 
at each point of U. 
COROLLARY 1. Let U, E, and F be the same as Theorem 3.1. Then ,for a 
set F in H( U; F) the following conditions are equivalent: 
(a) F is bounded in (H(U; F), TV); 
(b) F is locally bounded; 
(c) F is equicontinuous at each point qf U and F is pointwise bounded. 
Proof: (a)+(b)d(c) as in the proof of Theorem 3.1. 
(b) =s. (a) Assume F is locally bounded. By Lemma 3.3, for each 
/? E es(F) and compact subset K of U there is a constant M( /?, K) > 0 such 
that 
B(.f(x)) d W/t K) 
for all f E F and x E K. 
This implies F is bounded 
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(c) =+- (b) Let a E U. Since F is equicontinuous, for each /I E U(F) there 
is a neighborhood I/ of zero such that 
B(f(x) -f(a)) < 1 
for allfEF and xea+ I’. 
Since F is pointwise bounded there is a c > 0 such that for each j? E cs( F) 
for all f E F. 
So for each fi E es(F) there is a neighbourhood V of zero such that 
P(f(x)) G B(f(x) -f(a)) + P(f(a)) d c + 1 
for allfEF and xea+ V. 
This implies, F is locally bounded. Q.E.D. 
COROLLARY 2. Let E and F be finite dimensional separated topological 
vector spaces. Then for a set F c H( U; F) the following conditions are 
equivalent :
(a) F is normal; 
(b) For each compact subset K of U, (f(x); is compact in F; 
(c) For each compact subset K of U there is a constant M(K) > 0 such 
that 
4f (xl) G WK) 
for all f E F and x E K, where d is a metric on F which induces the topology 
OfF; 
(d) F is bounded (H( U, F), t,.); 
(e) F is locally bounded; 
(f) For each x E U, m is compact in F and F is equi- 
continuous at each point of U. 
Proof: It s&ices to show (e) = (f). By Corollary 1 of Theorem 3.2, F is 
pointwise bounded. So for each x E U, (f(x), is bounded closed 
subset of F. Since F is finite dimensional, m is compact in F. 
Q.E.D. 
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